Flat/CCFT is a correspondence between gravity in asymptotically flat backgrounds and a field theory which is given by contraction of conformal field theory. In order to find the dictionary of Flat/CCFT correspondence one can start from AdS/CFT and take the contraction of CFT in the boundary as the dual description of the flat-space limit (zero cosmological constant limit) of the asymptotically AdS spacetimes in the bulk side. In this paper we study some aspects of this correspondence for Flat 3 /CCFT 2 case. We calculate the charge algebra of symmetry generators by using the stress tensor of three dimensional asymptotically flat spacetimes proposed by Flat/CCFT correspondence and show that it is the BMS 3 algebra with known central charges.
Introduction
A possible way for generalizing gauge/gravity correspondence for asymptotically flat spacetimes is using AdS/CFT and taking flat-space limit (zero cosmological constant limit) of asymptotically AdS spacetimes and trying to find a proper interpretation of this limit in the boundary CFT. A proposal for this method has been introduced in [1, 2] where flat-space limit of the bulk corresponds to the contraction of boundary CFT. The contracted conformal field theory (CCFT) which is dual to asymptotically flat spacetimes has the same symmetry as the asymptotic symmetry of bulk geometry.
The correspondence between flat-space limit in the bulk and contraction of dual theory can be used in defining a dictionary for the Flat/CCFT correspondence. The first steps in this direction have been taken in papers [1, 2] which showed that the BMS algebra [3, 4] as the asymptotic symmetry of asymptotically flat spacetimes at null infinity can be obtained by contraction of Virasoro algebras. Another important work in this context is [5] where a Cardy-like formula for the CCFT 2 which is dual to three dimensional asymptotically flat spacetimes, has been introduced. The Cardy-like formula as the estimation of degeneracy of states of CCFT, gives the exact entropy of cosmological horizon of three dimensional cosmological solutions in the bulk side. These cosmological solutions are found by taking flat-space limit of BTZ black holes and they are shift-boost orbifold of three dimensional Minkowski spacetimes [6] .
Defining a field theory just by contracting a CFT has some advantages. Its correlation functions are given by contraction of correlation functions of original CFT [7] . This fact can be also used for finding quasi local stress tensor of asymptotically flat spacetimes. This idea has been followed in paper [8] for three dimensional asymptotically flat spacetimes and a stress tensor was introduced which gives correct charges for the gravity solutions. In this paper we show that the stress tensor of [8] can be also used for calculation of the charge algebra of the BMS 3 symmetries. We regenerate the correct algebra with previously known central terms.
The method of using a contracted CFT in flat-space holography has been explored in many works. For example it can be used for finding higher-spin theories in three dimensional asymptotically flat spacetimes [9, 10] . The reader can find a complete list of references in recent work [11] where the current status of problem and also future directions have been mentioned.
Another point which we address in this paper, is relation between the Cardy-like formula of CCFT and the Cardy formula of CFT. The Cardy-like formula of CCFT has been derived in [5] by defining partition function of CCFT and demanding its invariance under some novel modular transformations. In this paper we show that it can be simply given by contracting a proper formula of the CFT. This formula is not the known Cardy formula which according to AdS 3 /CFT 2 correspondence gives the correct entropy of outer horizon of BTZ black holes but it is the formula which gives the entropy of inner horizon [12, 13] . We elaborate on this point in the main text by using the flat-space limit of BTZ black holes in the bulk side.
The organization of this paper is as follows: In the next section we briefly review Flat/CCFT correspondence. The main point which we want to clarify in this section is the correspondence between flat-space limit in the bulk and contraction of CFT in the boundary. In section three we use the results of [8] for the stress tensor of three dimensional asymptotically flat spacetimes, for finding the charge algebra of BMS 3 generators. In Section 4 we find Cardy-like formula of CCFT 2 by using contraction of an appropriate formula of CFT. Last section is devoted to conclusions and possible future directions.
2 What is Flat/CCFT Correspondence 2.1 Flat-space limit in the bulk side Let us consider three dimensional Einstein gravity with cosmological constant,
The flat-space limit for this theory is defined by taking zero cosmological constant limit which is given by ℓ → ∞ limit. In order to make this limit well-defined we define the flatspace limit by using the dimensionless parameter G/ℓ and sending it to zero while keeping G fixed. At the level of metric, the flat-space limit is gauge dependent. An appropriate gauge that can capture properly the flat space limit of asymptotically locally spacetime is known as BMS gauge [14] [15] [16] . The metric in this gauge is written as
where β, V and U are arbitrary functions of coordinates. The null coordinate u is known as retarded time. By choosing
the AdS 3 spacetime in global coordinate 4) can be put in the form of (2.2) by β = 0, U = 0 and
Moreover by noting that for asymptotically locally AdS 3 spacetimes
the general solution of Einstein equations 
where M and N are general functions of u, φ coordinates and
In the coordinates x + , x − which are defined as 9) M, N can be written as It is shown [8] that by proper expansion of Ξ(x + ) andΞ(x − ) with respect to G/l, one can find the general asymptotically flat metric as
where
Note that by substitution of (2.11) in Einstein equations without cosmological constant one can see
whose solutions exactly match (2.12) . This is one of the significant features of BMS gauge that provide a smooth connection between AdS spacetime and flat spacetime.
The gauge (2.2) implies that the infinitesimal transformations generated by vector fields ξ µ that keep the metric (2.7) invariant are such that
Solving the conditions (2.14) implies that
where 
form a representation of the conformal Lie algebra on an asymptotically
It is shown that the Dirac bracket of conserved surface charges of symmetry generators, computed with respect to the AdS 3 background, have central extension with central charges c =c = 3l/2G [16] .
Similar to the procedure applied for getting metric(2.11), the flat-space limit of Killing vectors (2.15) is defined by suitable expansion of Y + and Y − with respect to G/l [8] . These flat Killing vectors are given by
where 20) and Y, T are arbitrary functions. At the leading order the generators
form a representation of BMS 3 algebra on an asymptotically flat spacetimes
One can easily check that two completely different algebras (2.18) and (2.22) are related by
in the G/l → 0 limit. Moreover , for conserved surface charge algebras the same relations as above can be established. To be more precise the BMS 3 charge algebra contains two central charges which are
Contraction of CFT in the boundary side
So far we have established a clear flat-space limit in the bulk side. Now let us focus on the boundary side and look for the equivalent procedure for the flat-space limit in the dual boundary CFT 2 of asymptotically AdS 3 spacetimes. In order to answer this question let us have a closer look at the generic solution (2.7) and try to find the conformal boundary for arbitrary large ℓ. The metric of conformal boundary is the same for all M and N and is given by
Thus ℓ can be absorbed in the definition of new time t = G ℓ u. The dual CFT lives on a cylinder with coordinates {t, φ} and radius G. It is clear that taking flat-space limit G ℓ → 0 is equivalent to contracting time as t → ǫt, thus one may guess that the dual of asymptotically flat spacetimes is a contracted CFT (CCFT). In two dimensions the symmetry of CCFT is isomorphic to the Galilean conformal algebra(GCA) [7] . It is shown that by contraction of 2 dimensional CFT the full GCA in 2-dimensions can be obtained [1, 2] . To see this, let us consider the conformal field theory defined on the cylinder. Consider the following vector fields 26) where ω = −i log z and ω = t + x ,ω = t − x. It is easy to see that these vector fields generate Virasoro algebra. Let us define the combinations
Now contraction is defined by applying the scaling
on the above combinations. By using centrally extended Virasoro algebra with central charges c,c in (2.27), one can see in
We call the algebra (2.29) as the CCFT 2 's algebra which is isomorphic to GCA 2 . Moreover, (2.29) is exactly the BMS 3 charge algebra which is given as the asymptotic symmetry of asymptotically flat spacetimes. Thus the connection between flat-space limit in the bulk side and contraction of CFT in the boundary side is also correct at the level of symmetries. We call this correspondence Flat/CCFT 23 .
3 Flat-Space stress Tensor and BMS 3 Charge Algebra
Definition of Flat-Space stress Tensor
The Falt/CCFT correspondence can be used for finding the quasi local stress tensor of asymptotically flat spacetimes. We expect the same dictionary as AdS/CFT i.e. one point function of energy-momentum operator of dual CCFT is the stress tensor of bulk theory. This connection has been addressed in [8] where we have introduced stress tensor of asymptotically flat spacetimes by using Flat/CCFT correspondence. The main point of [8] is defining stress tensor by using previous works about the one-point function of CCFTs 4 . The energymomentum of field theories which arise by contraction of conformal field theories can be given by using energy-momentum tensor of original CFT. For example, for field theories with Galilean conformal symmetry, this connection has been worked out in papers [7] . The CCFT which is dual description of asymptotically flat spacetimes written in the BMS gauge, is defined by contracting time in the original CFT. Thus we expect that its Hamiltonian is found by a contraction from the Hamiltonian of original CFT. However, since the contraction does not affect the x-coordinate, the momentum operator of CCFT must be the same as that of the original CFT. Let us show the energy-momentum tensor of CFT and CCFT respectively by T µν and T µν and show the light-cone coordinates by x ± andx ± for CFT and CCFT where x ± = t ± x andx ± =t ± x andt is the contracted time i.et = ǫt in the ǫ → 0 limit. Moreover, we assume that if CFT lives on a cylinder with particular radius, CCFT also lives on the same 2 Originally this correspondence was coined as BMS/GCA [1, 2] but since for bulk dimensions greater than three the BMS algebra is not exactly GCA while it is still related to a contracted conformal algebra, we call this correspondence as Flat/CCFT 3 The coordinate which must be contracted can be determined by arguments related to those used for the conformal boundary which has been done in this section. It was time coordinate which needed to be contracted for the dual of AdS written in the BMS gauge. As discussed in [18] , for Rindler-AdS one should contract x-coordinate in order to find dual of Rindler spacetime. 4 The holographic renormalization method for the asymptotically flat spacetimes has been also worked out in papers [19] and [20] but non of them explored the connection between flat-space holography and CCFTs.
cylinder with the same radius. Now we define the energy-momentum of CCFT by using following relations:T
The definition (3.1) in the boundary theory can be used to find the stress tensor of bulk gravity [8] . If we follow the standard method of holographic renormalization [21, 22] for the asymptotically AdS 3 spacetimes written in the BMS gauge (2.7), we will find
Using definition (3.1) one can find components of stress tensor for asymptotically flat spacetimes asT
where the functions M and N are given by (2.12). The relation between (3.2) and (3.3) is instructive. Although we used the definition (3.1) which is dictated by the boundary theory, the results (3.3) are simply given by scaling of (3.2) by using powers of G/ℓ in such a way that the final answer does not have ℓ dependence. This connection can be used for finding flat-space stress tensor of higher dimensions. We will elaborate this point in our future works.
Before closing this subsection let us discuss the conservation of flat-space stress tensor (3.3). One can see that the relativistic conservation of energy momentum tensor i.e. ∇ i T ij = 0 after proper scaling with G/l reduces to [8] 
From (3.3) it is easy to see that these equations are equal to
whose solutions are exactly the solutions of Einstein equations without cosmological constant (2.13). In other words, the conservation of energy-momentum tensor in CCFT is nothing but Einstein equations without cosmological constant.
Charges and their algebra
Our stress tensor can be used for defining conserved charges and finding the charge algebra.
To define the gravitational charges we need to know the structure of conformal boundary of spacetime. As discussed in the previous section, the CCFT lives on a hyperspace which is described by
Thus the spacelike surface Σ, u-constant surface on which the conserved boundary charges are define, is given by
Now we can find the conserved charges of symmetry generators (2.19) by using the Brown and York definition [23] 
where υ µ is the unit timelike vector normal to Σ. Using (2.19), (3.7) and (3.3) it is easy to see that
This result is consistent with the previously known charges of asymptotically flat spacetimes [4] . To find the algebra of charges, we need the definition of variation of charges under the symmetry generators. The proper definition is
where ξ i s are arbitrary generator of BMS 3 algebra. Using (2.20), (3.3) and (3.7) in (3.10) gives
where [24] 
Using (3.11), (3.12) and (2.21) we have
If we redefine the charges as
then it is easy to see that
This algebra is exactly the BMS 3 algebra with correct central extension [4] . Thus our stress tensor reproduces the correct charge algebra. This is another check for the correctness of our proposal for the Flat/CCFT correspondence. The vacuum state is identified with conserved chargesQ M 0 = 0 =Q L 0 . Thus from the definition (3.14) we have
We will use these charges in the next section.
Contraction of Cardy Formula 4.1 Lessons of Bulk Theory
Interpreting Black holes entropy as degeneracy of microstates of dual theory is an important subject which must be addressed carefully in any gauge/gravity correspondence. The
Flat/CCFT correspondence as a duality between gravity in asymptotically flat spacetimes and Contracted CFTs must provide a clear understanding for the entropy of asymptotically flat black holes by using microstates of dual CCFT.
Let us concentrate on Flat 3 /CCFT 2 and consider three dimensional asymptotically flat spacetimes. It was shown in [25] that no three dimensional asymptotically flat black hole exists in three dimensional Einstein Gravity. Thus studying black holes in the context of Flat 3 /CCFT 2 does not make sense. However, there are other interesting solutions in three dimensional Einstein gravity which have cosmological horizon. They are called asymptotically flat cosmological solutions and are given by following metric: 
It was shown that the solution (4.1) is the boost-shift orbifold of three dimensional Minkowski spacetimes and it can be obtained by taking flat-space limit of the BTZ black hole [6] . The connection between BTZ black holes and cosmological solutions is important for us in this paper. The idea that flat-space limit in the bulk corresponds to the contraction of CFT in the boundary, can be used to find a Cardy-like formula for the states of CCFT which correspond to the cosmological solution of gravity theory. In fact this idea was first used in paper [5] where a Cardy-like formula was introduced for the CCFT 2 . The idea of contraction of time for the CFT has been entered in an unusual transformation of modular parameters of CCFT. Invariance of partition function under these new modular transformation along with a saddle point approximation resulted in a new formula for the degeneracy of states which correctly produces entropy of cosmological horizon [5] . In this paper we want to argue that the Cardy-like formula of CCFT 2 can be obtained by taking a direct contraction of Cardy formula of CFT. Before making this connection we need to have a closer look at the bulk and study flat limit of BTZ black hole.
The cosmological solution is given by taking flat-space limit of the BTZ black hole with metric
are the radii of horizons and M and J are related to the mass and angular momentum of the black hole. It is easy to see that r 0 in the cosmological solution is given by taking ℓ → ∞ limit of r − but r + goes to infinity in the flat-space limit. On the other hand according to AdS 3 /CFT 2 correspondence, the Cardy formula of CFT,
results in the correct entropy of outer horizon r + . We can rewrite (4.5) by using (2.27) and (2.30) and take ǫ → 0 limit which corresponds to ℓ → ∞ limit in the bulk. The final answer diverges as expected because in the bulk side entropy of outer horizon diverges in the ℓ → ∞ limit. Thus if we want to find a Cardy-like formula which gives entropy of cosmological horizon we should contract a formula in the CFT which corresponds to the entropy of inner horizon of BTZ.
The entropy of inner horizon of BTZ is given by following formula by using the parameters of dual CFT [12, 13] :
Now if we use (2.27) and (2.30) and take ǫ → 0 limit the final answer is well-defined and is exactly the Cardy-like formula which was introduced in [5] i.e.
This is another check that flat limit in the bulk can be interpreted as contraction of CFT in the boundary.
Another Derivation of Cardy-Like Formula
The Cardy-like Formula for the CCFTs can also be given in another form. The point is that there is another derivation for the Cardy formula (see appendix of [26] and the references therein). Now one can use this new formulation and take limit from it.
The alternative form of Cardy formula which gives the degeneracy of states of CFT is given by
States are characterized by eigenvalues of Hamiltonian and momentum (H, J) and "vac" means the vacuum state. Using AdS/CFT correspondence, the above formula (4.8) gives the entropy of outer horizon of BTZ black holes [26] . However, if we want to find a similar formula for the CCFT, similar to the previous subsection, we should look for a formula in terms of CFT parameters which gives the correct entropy of inner horizon of BTZ black holes. Using [26] , one can easily check that the formula
results in an entropy which matches with the entropy of inner horizon. Now we can contract (4.9). As discussed in section 3, the Hamiltonian of CCFT is given by contracting the corresponding Hamiltonian of CFT but momenta are the same for both of the theories. If we use this correspondence between (H, J) of CFT and (H,J) of CCFT, we can write 
whereH vac exactly matches with free-energy of cosmological solution that can be obtained from Euclidean on-shell action [27] . Therefore from (4.10), the entropy of cosmological solution is
(4.12)
, we have 13) which is in complete agreement with [5] .
Conclusion
This work is another confirmation for the correspondence between flat-space limit in the bulk and contraction of boundary theory. The calculation was in three dimensional Einstein gravity where the asymptotic symmetry of asymptotically flat solutions at null infinity is infinite dimensional. The next step is studying four dimensional asymptotically flat spacetimes which also have infinite dimensional asymptotic symmetry [4] . The lessons of three dimensional case can be used for finding quasi local stress tensor of four dimensional spacetimes and one can also calculate the BMS 4 charge algebra by using our method and get insight about the possible central extension of BMS 4 .
Moreover, a Cardy-like formula in the form (4.10) may exist for the CCFT 3 which also has infinite dimensional symmetry. We should note that the formulas (4.6) and (4.9) which gives the entropy of inner horizon are phenomenological observation and there is not a proof for them in the CFT side. We just write the entropy of inner horizon of BTZ in terms of CFT parameters but what does this counting mean, is an open question.
